Let L denote the free Lie ring of rank 2r with free generators x i , y i (1 i r ), and let τ be the automorphism of L that interchanges x i and y i for all i. We construct a Z-basis of L that consists of pairs of elements which are interchanged by τ , and elements upon which τ acts as multiplication by −1.
Introduction
Let V be a free Z-module and τ ∈ GL(V ) an automorphism of order 2. We say that a Z-basis B of V is τ -invariant if it is of the form
where B 1 and B −1 consist of eigenvectors with eigenvalues 1 and −1, respectively, and B 0 consists of pairs of elements that are interchanged by τ . In terms of integral representation theory, such a basis provides a decomposition of V as a module for the group of order 2 generated by τ into a direct sum of indecomposables: the pairs in B 0 generate regular direct summands, and the elements of B 1 ∪ B −1 generate one-dimensional indecomposables with the two possible actions of τ . Now let L denote the free Lie ring of rank 2r (r 1) with free generators x i , y i (1 i r ), and let τ be the automorphism of L that interchanges x i and y i for all i. In this paper we construct a τ -invariant basis for L. More precisely, for any integer α 0 and any a ∈ L, let
We will see later that, despite the factor In particular, as a τ -module, L has no direct summands upon which τ acts trivially. It should be pointed out that a basis with such a high degree of symmetry with respect to τ is in sharp contrast to common bases of the free Lie ring L such as Hall bases and Shirshov bases, which are highly unsymmetrical. Once we have a τ -invariant basis for the free Lie ring L, it is very easy to construct a τ -invariant basis for any countable free Lie ring with a τ -invariant free generating set (see section 7) . The problem of finding a τ -invariant basis for L was posed by the first author in [3] . Guilfoyle and the third author [10] solved this problem 'modulo 2' by constructing a τ -invariant basis for the free Lie algebra of rank 2 over a field of characteristic 2. Their construction, however, relies heavily on considerations in the free restricted Lie algebra, which is not available in the integral case. Some progress towards constructing a τ -invariant basis for L was made in Guilfoyle's thesis [9] . In particular, he recognized the significance of the elements g α (v i ), and proved that they form the B −1 -part of a τ -invariant basis provided the B 0 -part is given. The existence of a τ -invariant basis of the form B 0 ∪ B −1 , in other words the absence of direct summands with trivial τ -action in L, was conjectured in [3] and proved in [6] . Recently Michos [13] obtained formulae for the multiplicities of the indecomposables in the integral Lie powers of an arbitrary Z-free Z τ -module of finite rank. Over the last five years, there has been considerable progress in studying free Lie algebras over fields of positive characteristic as modules for groups of graded algebra automorphisms (see [4, 5, 7, 8, 12] ). The analogous problem for free Lie rings is of course much harder, and very little is known about it. Apart from the above-mentioned results about L as a τ -module, the second and third authors [12] identified the indecomposables that occur in the free Lie ring of rank 2 viewed as a module for the maximal finite subgroups of GL(2, Z), and in [11] they obtained a similar result for the free Lie ring on three generators viewed as a module for the symmetric group S 3 of all permutations of those generators. Most of the above-quoted papers on integral and modular Lie representations aim at solving the decomposition problem for Lie powers to the point of identifying the isomorphism types of the relevant indecomposables, and their multiplicities. Up to now, the only non-trivial instances where explicit decompositions of Lie powers into direct sums of indecomposables have been obtained are Lie powers of modules for the cyclic group of order 2 over fields of characteristic 2 (see [10] ).
The paper is organized as follows. Notation and some preliminary notions will be introduced in section 2. In particular, we discuss various versions of Lazard elimination, our main technical tool. In sections 3 to 6 we examine the free Lie ring L = L(x, y) of rank 2. In section 3 we derive a free generating set for the derived ring L . This free generating set includes the elements g α (x), which will also be examined in this section. In section 4 we introduce a subring M of L . The subring M is obtained from L by eliminating all the elements g α (x) from the free generating set of L , and plays a central role in this paper. The rest of section 4, and the following sections 5 and 6, are devoted to deriving our main technical result, the construction of a free generating set M for M upon which τ acts semi-regularly (by this we mean that M consists of pairs of elements that are interchanged by τ ). Armed with this result (Theorem 1 in section 6), we can then deduce our main result (Theorem 2), and its generalizations to free Lie rings with arbitrary τ -invariant free generating sets (Corollaries 1 and 2 ). This will be done in the concluding section 7.
Preliminaries

Notation
If L is a Lie ring, that is, a Lie algebra over the ring of integers Z, we write L n for the nth term of the lower central series, L and L will denote the derived and the second derived Lie ring, respectively, and we use (L 2 ) n to denote the nth term of the lower central series of the derived Lie ring L . Leftnormed convention will be used for Lie brackets, that is, [a, b, c] stands for [ [a, b] , c], and we write
For a countable set X we let L(X ) denote the free Lie ring on X . We will assume that X is well-ordered and of order type at most ω. All orderings used in this paper will be of this kind. For L = L(X ) we let L n denote the degree n homogeneous component of L, that is the span of all Lie monomials [x 1 , . . . , x n ] with x 1 , . . . , x n ∈ X . Given z ∈ X , we let L( z) and L(< z) denote the free Lie subrings of L that are generated by all x ∈ X with x z and x < z, respectively.
Throughout this paper, all direct sums refer to direct decompositions of the underlying Z-modules of Lie rings (and not direct decompositions of Lie rings themselves).
It will be convenient to write N 2 for the set of all positive integers that are powers of 2, and N 1 for the positive integers which are not powers of 2. Thus
Lazard elimination
Our main tool in this paper is Lazard elimination. The Elimination Theorem (see [2, Proposition 10 in Section 2.9, Chapter 2]) reads as follows.
ELIMINATION THEOREM Suppose that X = Y ∪ Z is the disjoint union of its subsets Y and Z. Then L(X ) is the direct sum of its free subring L(Y) and the ideal I (Z) that is generated by Z in L(X ). Moreover, I (Z) is itself a free Lie ring with free generating set
Thus the Elimination Theorem yields a direct decomposition
We will refer to this direct decomposition as elimination of the subalgebra L(Y). In the special case where Y = {x} is a singleton, (2.1) turns into
where
This direct decomposition will be referred to as elimination of the free generator x. If Y ⊆ X , successive elimination of all elements of Y, according to their order and starting with the smallest, yields a direct decomposition
where X |Y denotes the union of the set of all elements of the form 
3) will be referred to as elimination of the subset Y (not to be confused with the elimination of the subalgebra L(Y) introduced earlier). In the special case where Y = X , this elimination gives a direct decomposition
is a well-known free generating set of the derived ring L (see, for example, [1, 2.4 
.2 in Chapter 2]).
We conclude this subsection with the obvious observation that in (2.3) the derived subalgebra L is contained in the second direct summand L(X |Y).
Changing free generating sets
Another essential ingredient in this paper is that of replacing a given free generating set of a free Lie ring by another free generating set. Let L = L(X ) as before, and assume that the set X is decomposed into a disjoint union
Since L is free on X , φ extends to an endomorphism of L. This endomorphism is, in fact, an automorphism. Indeed, it is easily seen that for each i the map X → L(X ) given by
extends to an automorphism i of L. Note that for each i the restriction of to the subring L( x i,k i ) is a composite of the automorphisms 1 , . . . , i . Consequently, all these restrictions are bijective, and this implies plainly that itself is bijective, and hence an automorphism. It follows that the image of X under φ is a free generating set of L(X ). We record this fact for reference purposes as follows.
In applications of this lemma later in the paper, the sets X i will be either singletons or two-element sets.
Identities
Let L = L(X ) as before. It is well known, and an easy consequence of the Jacobi identity written as 
where w ∈ L . Moreover, if all the a i are homogeneous elements with deg
We also need the following identity which is recorded as [5, (2.1)] (and can easily be verified by induction). If a, b, c 1 , . . . , c m are elements of an arbitrary Lie algebra, then 
This identity will be used in the slightly modified form
which we record here for convenience. Finally, we require one more identity. By tensoring L with Z 2 = Z/2Z we obtain L = L ⊗ Z 2 , the free Lie algebra on X over the field of two elements. Then L is a Lie subalgebra of the free associative algebra A on X . It is well known and easy to verify that in characteristic 2 one has ad z 2 = (ad z) 2 for all z ∈ A. This implies that for all a, b ∈ A,
where on the left-hand side we have associative powers while the right-hand side is to be read in terms of the notation for iterated Lie brackets introduced in 2.1.
A free generating set for L
Let L = L(X ) with X = {x, y}, x < y, be the free Lie ring of rank 2 with free generators x and y, and let τ denote the automorphism of L that interchanges x and y. From section 2.2 we know that the derived Lie ring L is the free Lie ring on the set X |X = {u m,n ; m, n 1},
If m = n, we will often write u m instead of u m,m . Clearly, deg u m,n = m + n. We put a total ordering on the set X |X by setting u m,n < u s,t whenever deg u m,n < deg u s,t and by ordering the elements of the same degree arbitrarily. Using (2.6) one readily sees that, for all m, n 1,
where w m,n ∈ L ∩ L m+n . Now we consider the case where m = n and m ∈ N 2 .
Proof. It follows immediately from (3.1) that
Moreover, working modulo 2 we find, using (2.9), that
Now we introduce, for all α 0, elements g α by setting
Note that division by 2 in (3.2) is possible since
Moreover, it follows immediately that
where w α ∈ L ∩ L 2 α+1 , and that
Now we have all the ingredients in place that are required to obtain a new free generating set for the derived Lie ring L .
form a free generating set L for L .
Proof. We start with the trivial observation that, for any free generator u m,n ∈ X |X and any w ∈ L ∩ L m+n , one has
(as w is a linear combination of Lie monomials in free generators from X |X of degree less than m + n). Now let φ : X |X → L be the map given by
for all m ∈ N 1 , and φ(u 2 α ) = g α for all α 0. Then (3.1) and (3.3) in conjunction with (3.8) imply that φ is of the form (2.4) with all X i singletons. The result now follows by Lemma 2.1.
The map φ induces a total ordering on the free generating set L (coming from the ordering of X |X introduced earlier), and this ordering will be used in what follows. It is plain that it respects the partial ordering by degree (that is, the total degree in x and y).
Finally, in the free Lie ring L = L(L) we have, alongside the degree deg in the original free generators x and y of L, the notion of the degree with respect to the free generators from the set L (where each generator in L has degree 1). This degree will be denoted by Deg, and it will play an important role in what follows.
The subring M
Consider the free Lie ring L = L(L), and let G denote the subset of L consisting of all elements of the form (3.7). Elimination of the set G (see section 2.2) yields a direct decomposition
where M = L(L|G) is the free Lie subring of L that is freely generated by the set L|G. This set consists of the elements
with m ∈ N 1 , 0 α 1 · · · α k , k 0, and the elements
It will be convenient to write L|G as a disjoint union
where M 1 , M 2 and M 3 consist of the elements (4.2)-(4.4), respectively. Our aim is to replace L|G with a free generating set M upon which τ acts semi-regularly. This is easily done for M 1 as
To find an appropriate replacement for M 2 ∪ M 3 is much harder, and will take up the greater part of the rest of this paper. We start with an easy observation about M.
LEMMA 4.1 For the free Lie ring M, (i) L ⊆ M, and
Proof. Since (4.1) is of the form (2.3) with L in place of L, the remark at the end of section 2.2 gives part (i). For the proof of part (ii) it is sufficient to show that for all v ∈ L|G one has vτ ∈ M. In view of (4.5) this is clear for the elements of M 1 , and likewise for the elements of M 3 as
For the elements of M 2 we find, using (3.1), that
Here the second term on the right-hand side is in L (because w m,m ∈ L ), and since L ⊆ M by part (i), this proves part (ii).
Our next aim is to introduce an appropriate ordering of the set L|G. First of all we note that all elements in L|G are homogeneous with respect to both the free generators x, y and the free generating set L. Hence for all v ∈ L|G both deg v and Deg v are well defined. For any positive integer m, we define λ(m) as the largest non-negative integer such that 2 λ(m) divides m; we set ω(m) = m − 2 λ(m) and, when ω(m) = 0, we put κ(m) = log 2 ω(m). Now consider the union M 2 ∪ M 3 , and let 
Then v ∈ M 2 ∪ M 3 is a lower element, and it is easily seen that the map v → v is a bijection between the set of all upper elements and the set of all lower elements in M 2 ∪M 3 . Let M + 2 denote the set of all upper elements in M 2 .
We now define a total ordering on the set L|G. We define this ordering first on M 1 ∪ M +
. For any two elements v and v in
Deg v > Deg v , and we order the elements for which the two degrees coincide arbitrarily. Then we extend this ordering to the whole of L|G by postulating that for all v ∈ M + 2 the lower element v comes immediately below v. This ordering will play a crucial role in section 6, but first we need to derive some technical results.
Technical results
We require information about the action of τ on the elements u m that is much more precise than (3.1). This information will be derived from the following result. 
Proof. We use induction on n. The case n = 1 is trivial, as For the inductive step, assume the result for n and consider u m,n+1 . Using the inductive hypothesis we get
. Now consider the other terms on the right-hand side of (5.1). Using (2.8) with a = [y, x n ], c = y and b = x, one gets
For the terms under the double sum we get, using (2.5) and (2.6),
Substituting into (5.1) gives
. Collecting similar terms together now gives
as required for the inductive step.
Using anticommutativity, one can rewrite the formula in Lemma 5.1 in such a way that in the Lie products under the double sum the degree of the first entry is at least as large as the degree of the second entry. A straightforward calculation gives 
Since both factors on the right hand side have the same parity, it is sufficient to note that for the first factor we have
Now we summarize our conclusions in a form that is convenient for application in section 6. 
A semi-regular free generating set for M
Now we use Lemma 5.2 to examine the action of τ on the free generating set L|G of the Lie ring M, and in particular on the elements of the subset M 2 ∪ M 3 .
and
, and notice that
We first observe that 
In what follows we will often work modulo (L 2 ) k+3 ∩ L s (and indicate this by using the congruence symbol ≡ rather than the equal sign), and we will also frequently use (3.4) without special references being given.
We first consider (6.2) . If the lower element v is given by the second line of (4.9), we clearly have vτ = (−1) k+2 v. If, on the other hand, v is given by the first line of (4.9), we have (using (3.1))
as required. Now consider (6.1). Using Lemma 5.2 we obtain 
Hence (6.1) will be proved once we show that all the terms under the summation sign in (6.4) belong to L(< v). Apart from integer coefficients, these are of the form
,
where u and u are elements of the form (3.5), and then we apply the identity (2.7) (with a = u , b = u and c i = g α i ) to write w as a linear combination of Lie products of the form
, and otherwise it is of the form
where i < m/2. If both m − i and i belong to N 1 , we use the identity (2.7) as above to write w as a linear combination of Lie products of the form
The remaining case is when exactly one of m − i and i belongs to N 1 (the case when both m − i and i are powers of 2 is ruled out as it corresponds to a configuration that has been excluded from the range of summation in (6.4)). In this case w is (up to sign) of the form
for some β = λ(m). Using (3.3) we then get Hence w < v, and since w is an upper element we also have w < v. Thus w ∈ L(< v). Now suppose that β > α 1 . Let j (1 j k) be the largest subscript such that β > α j . Then we apply to (6.5) the identity (2.7) with a = u m−2 β , b = g β and c i = g α i for i = 0, . . . , j to obtain
All terms under this double sum except the one with i = j are of the form Now we have in place all the ingredients required to achieve the aim that was stated in section 4, namely, to replace the free generating set L|G = M 1 ∪ M 2 ∪ M 3 of M by a free generating set upon which τ acts semi-regularly. We will use Lemma 2.1 from section 2.3. For this purpose we define a map φ : L|G → M as follows. For the elements [u m,n τ, 
Then we have, by Lemma 6.1,
Then the map φ is of the form (2.4) (assuming that the free generating set is written in the obvious way as a disjoint union 
.
We may therefore conclude that φ(L|G) is a free generating set for the Lie ring M. By construction, τ acts semi-regularly on φ(L|G). We summarize the result in the following theorem, which is the key technical result in this paper. 
(6.6)
with m ∈ N 1 , ω(m) ∈ N 1 , k 0, and λ(m) α 1 · · · α k if k 1, and the elements
is a semi-regular free generating set for the free Lie ring M.
τ -invariant bases
Let L = L(X ) be the free Lie ring on a set X , and τ an automorphism of L that acts semi-regularly on X . For any a ∈ L and any α 0, let g α (a) denote the element obtained from g α by the substitution x → a, y → aτ , so
and let G(a) denote the set G(a) = {g α (a); α 0}.
We now combine Theorem 1 and the Elimination Theorem to obtain the following double elimination lemma which will be the main tool in our basis construction. Proof. The semi-regular set X is the disjoint union of its semi-regular subsets {a, aτ } and X \ {a, aτ }. By the Elimination Theorem, there is a direct decomposition
with N = L(N ) and N = (X \ {a, aτ }) ı {a, aτ }. It is plain that τ acts semi-regularly on N . The lemma now follows by applying (4.1) and Theorem 1 to the direct summand L(a, aτ ).
Note that the sets M and N consist of elements which are homogeneous with respect to the free generating set X . Now we are ready for the construction of the sequence v 1 , v 2 , v 3 , . . . mentioned in the Introduction.
The construction. We construct a sequence v 1 , v 2 , v 3 , . . . of homogeneous elements of L together with a sequence A (1) , A (2) , A (3) , . . . , where each A (k) is a collection of k + 1 subsets
i consists of homogeneous elements,
i freely generates a free Lie subring of L,
i is semi-regular with respect to τ ,
k+1 is non-empty and there is a direct decomposition 
We set A Proof. We need to show that
is a basis of L. By construction, this set is linearly independent, so what we have to prove is that it spans L. But this follows from (7.1) because the choice of each v k as an element of smallest possible degree in
combined with the fact that all homogeneous components L n are of finite rank guarantees that, for every n, the homogeneous component L n is contained in the first direct summand on the right-hand side of (7.1) as long as k is sufficiently large.
REMARK Our construction of the τ -invariant basis is effective in that it allows us to find the basis elements up to any given degree n. Indeed, although the construction of the sequence v 1 , v 2 , v 3 , . . . involves infinite sets A (k) i , it is easily seen that these sets contain only finitely many elements of any given degree, and that all elements of degree larger than n can be ignored if we want the basis elements only up to degree n. 
